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let X be a scheme I a sheaf of Q modules

Def F is generatedbyglobalsections or globally
generated if There is a set of global sections

si3 CH t

such that for each XEX the images of the Si in

Fx generate the stalk as an Ox module

Nele If SEF X F any section we get a morphism
of modules

Ox F

By defining on each open set U

Ox U F u

I 1 Slu

so if F is globally generated we sum the morphisms
for each Si and get

Ox F

which is surjective on stalks and thus surjective



Conversely given a surjective map from a free sheaf
we get a set of sections of F that generate each
stalk so 7 is globally generated

Ex On X SpecA every quasi coherent sheaf F is

globally generated since I M and Mp Mp

Ex If S is graded and X Projs T X n O

for neo so n is not globally generated in this
case

A theorem of Serre says that if 7 is coherent

on nice projective schemes a high enough twist
will be globallygenerated First we prove this in

The case of projective space

lem ma let X IP ProjACxo xr A Noetherian

F coherent Then there's some host for h Zno F n

is globally generated by finitely many global sections

PI First cover X w D xi Since I is coherent
for each i there's some f g module Mi over

Bi ACYxi Wi s t

D C i
MT



For each i let Sir Sir be a finite generating set
for Mi

By an earlier lemma from last section there's some

ns.t.xisijextends to a global section tij of F n

Here we're applying lemma to f l Take h 0 so

that it works for all i j

F n corresponds to a moduleMil on D xi and

the map
of Flu

induces an isomorphism Mi ME since its
m Xfm

corresponds to tensoring by a free module of rank 1

and xi is a unit

Thus the XinSig generale Mi so the tij generate
F n everywhere D

If X is a projective scheme over A then by the

corollary in the last section we can write X ProjS
where

g AGo ox

and So A so that I is contained in the
irrelevant ideal



Thus AGo xD S induces a closed immersion

i X Projs Pf
So we have f i l so the Iemma implies

theorem serve The Iemma holds for any projective
scheme X over A Noetherian

PI Since I is coherent and i a closed immersion

for any open affine UE 1Pa i U is also an

open affine so i F U is finitely generated so

i F is coherent on IPL

Moreover i Fln i I 0 n ix F n by
the projection formula

Thus F n is globally generated iff F ul is do

you see why thus we are done by the lemma D

The projection formula says that if t X Y I an

Ox module and E a locallyfree by module then

f F f E I f F E

see Hav Ex5 Icd lmight notassign this but you should



think about it regardless

This theorem easily implies a useful corollary

Cer let X be as in the Theorem then any coherent

sheaf F is a quotient of a finite direct sum
n where we R

PI We can find m s t F m is globally generated

by finitely many global sections Thus

Q Fan

Tensoring by 0 1 ml we get a surjection

0 1 m F D

we can also use the theorem to prove an

important result about global sections of coherent
sheaves but there is a much easier proof involving
cohomology so we will wait to prove it

The k a field A a fg k algebra X a projective
scheme over A F coherent Then T X F is a

finitely generated A module In particular if A k it's

a finite dimensional K vector space



Now we can give a condition under which The

pushforward of a coherent sheaf is coherent

CIO f X Y a projective morphism of schemes of finite type

over k If F is coherent on X f X is coherent on Y

PI We can check coherence on affine opens so assume

Y SpecA where A is a fg k algebra by finitetype

Since I is quasi coherent f F is at least quasi coherent

so f F f

which is fg by the theorem so 7 is coherent D


